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Example: Gingles Criteria
(Thornburg v Gingles, 1986)
To demonstrate racial gerrymandering, show that all three of
the following hold:
1. A minority group is “sufficiently numerous and compact to

form a majority in a single-member district”; and
2. The minority group is "politically cohesive"; and
3. The "majority votes sufficiently as a bloc to enable

it ... usually to defeat the minority’s preferred
candidate."’

# Dem Votes in Precinct i ≈ (Minority Pop) (Minority Voting Rate)
+ (Majority Pop) (Majority Voting Rate)
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Example: Gingles Criteria

Figure from King, 97.
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Example: Gingles Criteria

Figure from Mira Bernstein.
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Example: Predicting Total Votes

From Kenneth Mayer, Analysis of the Efficiency Gaps of Wisconsin’s
Current Legislative District Plans and Plaintiffs’ Demonstration Plan
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This Talk

Sole Goal
Become comfortable using and understanding R for multilinear
regression.
• Understand political science papers
• Replicate analysis
• Do your own analysis
• Convince a lay person that you’re doing reasonable things

• Modeling framework
• Terminology
• Statistical reasoning
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This Talk

Sole Goal
Become comfortable using and understanding R for multilinear
regression.
• Understand political science papers
• Replicate analysis
• Do your own analysis
• Convince a lay person that you’re doing reasonable things

1. If you’re good with R, linear regression, and statistical
modeling, you should probably leave.

2. If you know linear regression and statistical modeling but
not R, do the computational lab.

3. Else stay here, then do the lab!



Outline

1 Introduction: Lot’s About the Simple Linear Regression

2 Checking Assumptions of the Linear Model

3 Extending the Simple Linear Model: More Predictors

4 Inference Using the Linear Model

5 Generalizations of Linear Regression
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Motivating Example: WI District 1
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• Say we want to estimate the
total democratic votes in a
future election
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Motivating Example: WI District 1
Sanity Check
Is this reasonable?? Zoom in on the ∼103 wards in district 1!

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●●●●●●

●

●●●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

0 200 400 600 800

0
50

10
0

15
0

20
0

25
0

30
0

Eligible Voters

20
12

 D
em

oc
ra

tic
 V

ot
es



Introduction to Linear Regression Sam Gutekunst

Notational Setup

• We have n = 103 paired data points

(y1, x1), (y2, x2), ...., (y103, x103)

where y1, ...., yn are measurements of a response variable
and x1, ...., xn are corresponding measurements of an
explanatory variable.

• Our goal is to understand how the response variable
(democratic vote) depends on the explanatory variable
(voting eligible population).
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The Statistical Modeling Process

Given data and a research question, the modeling process
typically involves:

1. Assume a model that specifies the “type” of relationship
between the variables you’re interested in.

2. Find the version of the model that “fits best.”
3. Check to see if the model “is good.”
4. If the model “is good,” draw inferences from the model.

4.1 Think if the model and inferences make sense!
4.2 Communicate conclusions to people who may have a fear

and hatred of mathematics!
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Think!

Figure: Data Source: SpuriousCorellations

SpuriousCorellations
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Informally

• In the simple linear model, we assume a “mostly linear”
relationship between the response and explanatory
variable. Here:

# Dem. Votes = b0+b1(# Eligible Voters in Ward)+Random Error.

• b0 and b1 are unknown parameters we would like to
estimate

• We assume the random error follows a “bell curve” and is,
on average, zero.
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Setting up a Statistical Model: Formally

• In the simple linear model, we assume a “mostly linear”
relationship between the response and explanatory variable.

• Mathematically,

Yi = b0 + b1Xi + εi, i = 1, ..., 103.

• Yi is the number of democratic votes in the ith ward of
Assembly District 1 (for i = 1, ..., 103)

• Xi is the voting eligible population of the ith ward of
Assembly District 1

• b0 and b1 are unknown parameters we would like to
estimate

• εi is random noise (formally, εi ∼ N(0, σ2) are independent
and identically distributed normal random variables with
mean zero)
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Pictures

• In the simple linear model, we assume a “mostly linear”
relationship between the response and explanatory variable.

• Mathematically,

Yi = b0 + b1Xi + εi, i = 1, ..., 103.

𝑏0

𝑠𝑙𝑜𝑝𝑒 𝑏1

𝑦1

𝑥1

𝑏0 + 𝑏1𝑥1
𝜖1



Introduction to Linear Regression Sam Gutekunst

Pictures

• In the simple linear model, we assume a “mostly linear”
relationship between the response and explanatory variable.

• Mathematically,

Yi = b0 + b1Xi + εi, i = 1, ..., 103.

𝑏0

𝑠𝑙𝑜𝑝𝑒 𝑏1

𝑦1

𝑥1

𝑏0 + 𝑏1𝑥2

𝑦2

𝑥2

𝜖2



Introduction to Linear Regression Sam Gutekunst

Pictures

• In the simple linear model, we assume a “mostly linear”
relationship between the response and explanatory variable.
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Pictures
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Pictures

• In the simple linear model, we assume a “mostly linear”
relationship between the response and explanatory variable.

• Mathematically,

Yi = b0 + b1Xi + εi, i = 1, ..., 103.

Capitalization Matters
Capital letters refer to an
underlying model/random
variables. Lowercase letters
refer to realizations of that
model/real data.
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Pictures

• In the simple linear model, we assume a “mostly linear”
relationship between the response and explanatory variable.

• Mathematically,

Yi = b0 + b1Xi + εi, i = 1, ..., 103.

𝑏0

𝑠𝑙𝑜𝑝𝑒 𝑏1

𝑏0

𝑠𝑙𝑜𝑝𝑒 𝑏1
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Finding b0 and b1

• Our mathematical model says
Yi = b0 + b1Xi + εi, i = 1, ..., 103.

• We have one realization (y1, x1), ...., (y103, x103) and want
to reverse engineer b0 and b1.

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●●●●●●

●

●●●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

0 200 400 600 800

0
50

10
0

15
0

20
0

25
0

30
0

Eligible Voters

20
12

 D
em

oc
ra

tic
 V

ot
es



Introduction to Linear Regression Sam Gutekunst
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Finding b0 and b1

• Our mathematical model says
Yi = b0 + b1Xi + εi, i = 1, ..., 103.

• We have one realization (y1, x1), ...., (y103, x103) and want
to reverse engineer b0 and b1.

Idea: Minimize “Squared Error Loss”

෢𝑏0

Guessed 

slope ෢𝑏1
𝑦1

𝑥1

෢𝑏0 +෢𝑏1𝑥1

𝒚𝟏 − ෢𝒃𝟎 + ෢𝒃𝟏𝒙𝟏
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Finding b0 and b1

• Our mathematical model says
Yi = b0 + b1Xi + εi, i = 1, ..., 103.

• We have one realization (y1, x1), ...., (y103, x103) and want
to reverse engineer b0 and b1.

Idea: Minimize “Squared Error Loss.” Guess b̂0 and b̂1 that min-
imize

103∑
i=1

(
yi −

(
b̂0 + b̂1xi

))2
.

෢𝑏0

Guessed 

slope ෢𝑏1
𝑦1

𝑥1

෢𝑏0 +෢𝑏1𝑥1
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Finding b0 and b1

• Our mathematical model says
Yi = b0 + b1Xi + εi, i = 1, ..., 103.

• We have one realization (y1, x1), ...., (y103, x103) and want
to reverse engineer b0 and b1.

Idea: Minimize “Squared Error Loss.” Guess b̂0 and b̂1 that min-
imize

103∑
i=1

(
yi −

(
b̂0 + b̂1xi

))2
.

• This handles signs and penalizes “extreme” differences
• Gauss and Legendre said so
• This has nice statistical properties (see: MLE,
Gauss-Markov Theorem, linear, unbiased, etc.)

• It’s “easy” to do computationally
• It has a nice geometric interpretation
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Ordinary Least Squares Regression
Choosing b̂0 and b̂1 to minimize the squared error loss, our
model is

Yi = 0.26 + 0.37Xi + εi.

In the Style of Mayer

# Democratic Votesi = 0.26 + 0.37 Ward Voting Popi + εi.
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Ordinary Least Squares Regression
Choosing b̂0 and b̂1 to minimize the squared error loss, our
model is

Yi = 0.26 + 0.37Xi + εi.
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Ordinary Least Squares Regression
Choosing b̂0 and b̂1 to minimize the squared error loss, our
model is

Yi = 0.26 + 0.37Xi + εi.

Prediction
Because we assume that the εi are “on average zero,” we can
guess the number of votes if a wards population changes using

# Democratic Votes = 0.26 + 0.37 Ward Voting Pop
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Some More Words

• The fitted values are ŷi = b̂0 + b̂1xi.

• The residuals are ε̂i = yi − ŷi.

෢𝑏0

Guessed slope ෢𝑏1

𝑏0

𝑠𝑙𝑜𝑝𝑒 𝑏1

𝑦2

𝑥2

𝜖2
ෝ𝜖2

ෞ𝑦2
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Summary so far

• We assumed a convenient (and at least somewhat
plausible) model: guessing that the number of democratic
votes in a ward grows linearly with the population.

• We used ordinary least squares regression (OLS) to “fit the
model” (guess b0, b1).

• The fitted model lets us interpret the data and we can use
it to predict the number of democratic votes in a future
election (with different ward populations)
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What’s Missing?

• How do we check that this model is reasonable?
• How do we extend to multiple explanatory variables?
• What if we wanted to have a general model for all assembly
districts?

• How do we measure how reliable insights from the model
are?
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Assumptions in our Simple Model

# Dem. Votes = b0 + b1(# Eligible Voters in Ward) + Random Error.

We are assuming:

1. The relationship is “almost linear”: on average

E[Yi] = b0 + b1Xi.

2. The random errors are independently drawn from a bell
curve

3. Our data is accurate

R Lab
The R lab shows you some ways to do these things!
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Linear Models: Examples

# Dem Votesi = b0 + b1# Votersi + εi

# Dem Votesi = b0 + b1# Votersi + b2# Minority Votersi + εi

# Dem Votesi = b0 + b1(# Votersi)× (# Minority Votersi) + εi
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Linear Models: Examples
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Linear Models: Generality
A statistical model is a linear model if it imposes a linear
relationship on some set of explanatory variables, up to random
error.

More Examples
Let Yi be the number of democratic votes in the ith ward, Xi be the
voting eligible population in the ith ward, and Zi be the number of
hot air balloon companies in the ith ward. Linear models include

Yi = b0 + b1Xi + b2Zi + εi

Yi = b0 + b1Xi + b2X
2
i + b3XiZi + εi

Yi = b0 + b1e
XiZi + b2

[∫ 2

0
sin(τXi−Zi)dτ

]
+ εi.

In the third example, eXiZi and
[∫ 2

0 sin(τXi−Zi)dτ
]
are input data:

they’re just numbers we can compute.
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Linear Models: Generality

A statistical model is a linear model if it imposes a linear
relationship on some set of explanatory variables, up to random
error.

Messy Example, continued
Let Yi be the number of democratic votes in the ith ward, Xi be the
voting eligible population in the ith ward, and Zi be the number of
hot air balloon companies in the ith ward. Let Wi = eXiZi and
Qi =

[∫ 2
0 sin(τXi−Zi)dτ

]
. Then

Yi = b0 + b1e
XiZi + b2

[∫ 2

0
sin(τXi−Zi)dτ

]
+ εi

= b0 + b1Wi + b2Qi + εi
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Linear Models: Formally

Let ~xi = (xi1, xi2, · · · , xip) be a vector of measurements of
explanatory variables corresponding to response variable yi.
Our paired data is (~x1, y1), ..., (~xn, yn). The linear model is

Yi = b1Xi1+b2Xi2+...+bpXip+εi, εi ∼ N(0, σ2) independent.

Example
If ~xi = (xi1, xi2, xi3) where xi1 = 1, xi2 is the total voting population,
and xi3 is the average income in the ith ward, we have

#Dem Votes = b1 + b2#Voters + b3Average Income + Random Error
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Linear Models: Formally

Let ~xi = (xi1, xi2, · · · , xip) be a vector of measurements of
explanatory variables corresponding to response variable yi.
Our paired data is (~x1, y1), ..., (~xn, yn). The linear model is

Yi = b1Xi1+b2Xi2+...+bpXip+εi, εi ∼ N(0, σ2) independent.

Matrix-Vector Notation

Setting ~Xi = (Xi1, ..., Xip) and ~β =

b1
...
bp

, the model is

Yi = ~Xi
~β + εi.
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Linear Models: Formally

Let ~xi = (xi1, xi2, · · · , xip) be a vector of measurements of
explanatory variables corresponding to response variable yi.
Our paired data is (~x1, y1), ..., (~xn, yn). The linear model is

Yi = b1Xi1+b2Xi2+...+bpXip+εi, εi ∼ N(0, σ2) independent.

Matrix-Vector Notation

Setting ~Y =

Y1
...
Yp

 , X =


~X1
...
~Xn

 ~β =

b1
...
bp

, and ~ε =

ε1...
εn

 , the
model is

~Y = X~β + ~ε



Introduction to Linear Regression Sam Gutekunst

Linear Models: Deja-Vu

When we take a model like,

#Dem Votes = b0 + b1#Voters+ b2Average Income+Random Error.

1. We assume an underlying linear relationship
2. We guess “the best” values of b0, b1, b2, ... using OLS
3. Doing so gives lots of nice properties
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Categorical Variables
Assembly District 1 has wards from four counties: Door,
Kewaunee, Brown, and Manitowoc. Maybe we want to assume
people act differently in each county

𝑀𝑎𝑛𝑖𝑡𝑜𝑤𝑜𝑐

𝐷𝑜𝑜𝑟

𝐵𝑟𝑜𝑤𝑛

𝐾𝑒𝑤𝑎𝑢𝑛𝑒𝑒
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Categorical Variables
Assembly District 1 has wards from four counties: Door,
Kewaunee, Brown, and Manitowoc. Maybe we want to assume
people act differently in each county

#Dem Votesi = b0 + b1# Voters
+ b2Is ward i in Door? + b3Is ward i in Kewaunee?
+ b4Is ward i in Brown? + b5Is ward i in Manitowoc?
+ Random Error

This is still linear, just in a larger set of explanatory variables.
(See R practical for a slight correction to this slide)
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Summary so far

• We use the linear model for any situation where we expect
a (mostly) linear relationship between a response variable
and explanatory variables....

• But those explanatory variables are quite general so that
the linear model captures a whole bunch of interesting
situations.

• And everything is basically the same as in the simple linear
model!



Introduction to Linear Regression Sam Gutekunst

Inference in the Linear Model

Suppose we fit

# Democratic Votesi = 0.26 + 0.37 Ward Voting Popi + εi.

• We know how to predict democratic votes if the population
of a ward changes: plug into the formula and assume zero
error.

• How do we know that 0.37 “is meaningful?”
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p-Values by Contrived Example

Suppose Mathcamp has 100 students and you suspect that it’s
been invaded by spies from Historycamp. If Historycamp spies
reaches critical mass (more than 10% of the students), you will
shut down Mathcamp.

Two scenarios:

• H0 : 10% are spies (the conservative option, or null
hypothesis)

• Ha :> 10% are spies (the alternative hypothesis).

To test, survey 12 campers. Find 3 are spies.

Question
Is this sufficient evidence to shut down Mathcamp?
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p-Values by Contrived Example
Question
You survey 12 campers and find 3 are spies from history camp.
Is this sufficient evidence that strictly more than 10% of
Mathcamp students are spies?

Answer: Look at a Probability
Doing some boring computations you can compute:

P[at least 3 of 12 surveyd are spies| 10% of campers are spies] = 0.11.

Here, 0.11 is a p-value: it is the probability of seeing data at least as
extreme as what we observed assuming H0 is true.

• Generally, a p-value less than 0.05 is thought to indicate that our
data is sufficiently unlikely to contradict the null hypothesis.

• A p-value is NOT the probability that H0 is true.

• Always report p-values in full
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XKCD Interlude
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ASA Interlude
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ASA Interlude: Quotes

Informally, a p-value is the probability under a specified
statistical model that a statistical summary of the data (e.g.,
the sample mean difference between two compared groups)
would be equal to or more extreme than its observed value. –
ASA

1. P-values can indicate how incompatible the data are with a
specified statistical model

2. P-values do not measure the probability that the studied
hypothesis is true...

3. Proper inference requires full reporting and transparency
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p-Values in Linear Regression

• In linear regression, we test
• H0 : bi = 0 (the conservative option, or null hypothesis)
• Ha : bi 6= 0 (the alternative hypothesis).

• R computes a p-value that measures “how likely we’d see
data at least as linearly related to Xi if bi = 0.”
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In Our Example
In the Style of Mayer

# Democratic Votesi = 0.26 + 0.37 Ward Voting Popi + εi.
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The p-value for b1 6= 0 is 2× 10−16. The p-value for b0 6= 0 is 0.96.
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Logistic Regression
• In the simple linear model, Yi ∼ N(b0 + b1xi, σ

2).
• Suppose instead we want Yi ∈ {0, 1} (e.g., “do the
democrats win ward i?”). Logistic Regression says

Yi ∼ Ber(pi), log pi

1− pi
∼ b0 + b1xi.

• This says
pi = 1

1 + e−(b0+b1xi)
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Penalized Regression

• Simple linear regression minimizes

103∑
i=1

(
yi −

(
b̂0 + b̂1x1i + b̂2x2i + · · ·+ b̂pxpi

))2
.

• We might include a whole bunch of possible predictors
(make p large) and then search for sparse solutions. E.g.
minimize

103∑
i=1

(
yi −

(
b̂0 + b̂1x1i + b̂2x2i + · · ·+ b̂pxpi

))2
+λ

 p∑
j=1

bj2

 .
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Final Summary

• Simple linear regression makes sense when we have good
reason to suspect an underlying linear relationship between
a response and explanatory variable.

• The simple linear model generalizes to the linear model, a
powerful, ubiquitous tool in political science.

• Basically everything works the same as in simple linear
regression.

• p-values can be used for inference, and are often reported,
and R has nice tools to sanity check models.
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Thanks!

Questions?
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